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An overview is presented of the steady and harmonic adjoint methods for turbomachinery design using the
discrete approach in which the discretized nonlinearEuler/Navier–Stokesequationsare linearized and the resulting
matrix is then transposed. Steady adjoint solvers give the linear sensitivity of steady-state functionals such as mass
� ow and average exit � ow angle to arbitrary changes in the geometry of the blades, and this linear sensitivity
information can then be used as part of a nonlinear optimization procedure. The harmonic adjoint method is
based on a single frequency of unsteadiness and allows one to determine the generalized force acting on the blades
due to arbitrary incoming time-periodic gusts. When the forcing is due to the wakes of the upstream blades, the
adjointapproachcan be used to tailor the shapeof the incomingwakes to reduce greatly the level of forced vibration
they induce. The presented suite of test cases includes the inlet guide vane and the rotor of a high-pressure turbine.

I. Introduction

M ODERN turbomachinery has to meet exacting standards of
ef� ciency resulting in low weight and highly loaded engine

components. For this reason, the numerical methods for design op-
timizationof fans, compressors,and turbines are becoming increas-
ingly popular in the turbomachinery industry. Multidisciplinary
design systems allow the designer to modify blade and end-wall
geometries to optimize the steady aerodynamic performance1 ful-
� lling appropriatemechanical constraints.A typical example is the
minimum cross section of the blade, which cannot be reduced be-
low a minimum threshold to prevent the steady working stress from
exceeding the material strength. However, even if the redesigned
blade ful� lls the steady stress requirements, it may still be subject
to critical unsteady stresses due to the blade forced response.2 This
aeroelasticphenomenonis causedby the relativemotionof adjacent
frames of reference,which transformssteady circumferentialvaria-
tions of the � ow � eld in one frame into periodic time-varyingforces
acting on the blades in the other. The resulting forced vibrationmay
lead to high cycle fatigue, which may shorten the life of the blades
below the target life of the engine.This and similar other issues mo-
tivate the growing interest of the turbomachinerycommunity in the
unsteady design methods. By this expression,one means designing
components that can better withstand unsteady aeroelastic loads,
such as those due to forced response.

Several functionals can be envisaged for the optimization of the
steady design. One obvious choice would be the stage ef� ciency,
which in turn depends on the exit loss. However, the secondary ki-
netic energy1 is often preferred, being less affected than the loss by
possible inaccuracies associatedwith the turbulence models. Other
objective functions include the mass � ow and the radial distribution
of the exit-plane whirl angle. The formulation of the unsteady de-
sign problem is less trivial. Over the past two decades, a number
of methods have emerged to carry out the analysis of turbomachin-
ery aeroelasticity,varying from uncoupled linearizedpotential � ow
solvers3;4 to fullycouplednonlinearthree-dimensionalunsteadyvis-
cous methods.5 Within this range, the uncoupled linear harmonic

Received 23 July 2002; revision received 3 March 2003;accepted for pub-
lication 10 March 2003. Copyright c° 2003 by the authors. Published by the
American Institute of Aeronautics and Astronautics, Inc., with permission.
Copies of this paper may be made for personal or internal use, on condi-
tion that the copier pay the $10.00 per-copy fee to the Copyright Clearance
Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include the code
0748-4658/03 $10.00 in correspondence with the CCC.

¤Research Of� cer, Computing Laboratory, Parks Road.
†Professor of Computational Fluid Dynamics, Computing Laboratory,

Parks Road. Member AIAA.

Euler and Navier–Stokes (NS) methods have proved to be a suc-
cessfulcompromisebetweenaccuracyand cost (seeRefs. 6–9).This
approach views the aerodynamic unsteadiness as a small perturba-
tion of the space-periodic mean steady � ow. Hence, the unsteady
� ow � eld can be linearized about it and due to linearity can be
decomposed into a sum of harmonic terms, each of which can be
computed independently.The cyclic periodicity of both the steady
and unsteady � ow leads to a great reduction of computationalcosts
because the analysis can focus on one blade passage rather than
the whole blade row, making use of suitable periodic boundary
conditions.9 In the linear analysis of blade forced response, the har-
monic component under investigation is that whose frequency is
closest to the mechanical frequency of a particular structural mode
(near-resonanceconditions) and the output of interest is the work-
sum functional.2 In the context of Lagrangianmechanics, the work-
sum corresponds to the generalized force acting on the blades for
a particular structural mode of vibration due to the linear � ow un-
steadiness and is, therefore, the obvious choice for the objective
function to be minimized in the unsteady design problem. When
the forced response is caused by the wakes shed by an upstream
blade-row, the design space is that associated with the shape of the
incoming wakes, and each wake corresponds to a particular design
of the upstream blades.

The nonlinear gradient-based optimization of the steady design
requires the sensitivitiesof the objectivefunctionto a set of m design
variablesat eachstepof the optimization.One way of accomplishing
this, is to calculate m nonlinear � ow� elds associated with m per-
turbed geometries and determine the gradient of the functional by
� nite-differencing.Conversely the use of adjointequations10 allows
one to determine all m componentsof the gradientwith a single ad-
joint computation,at a cost comparablewith that of a single solution
of the nonlinear� ow equations.In the forced responseproblem,one
may want to tailor the shape of the incoming wakes to minimize the
forcedresponseof thedownstreamblades.In thecontextof the linear
unsteady analysis, this would require the solution of the linearized
equations for each wake considered. On the other hand, the use of
the harmonic adjointequations2;11 providesthe generalizedforceon
the blade due to an arbitrary wake with a single harmonic adjoint
calculation at a cost comparable with that of the solution of the lin-
ear harmonicequations.Thus, the computationallymost demanding
phase of the optimization process requires only two comutational
� uid dynamics (CFD) calculations, which are the solution of the
mean steady � ow� eld and that of the harmonic adjoint equations.
Florea and Hall12 applied the adjoint method to compute the sensi-
tivity of blade loads to an incoming gust. Two-dimensional inviscid
unsteady � ow applications were considered, and the approach was
successively used for three-dimensional inviscid � ows13 and two-
dimensional viscous problems.14 In this paper, the extension of the

693



694 CAMPOBASSO, DUTA, AND GILES

adjoint technique to three-dimensionalsteady and unsteadyviscous
� ows will be presented.

The adjoint technique for optimal aeronautical design has been
pioneered by Jameson15¡17 for the potential � ow, Euler and NS
equations. A number of other research groups have also devel-
oped adjoint CFD codes18¡20 using the same continuous approach
in which the � rst step is to linearize the original partial differen-
tial equations. Then the adjoint equations and appropriate bound-
ary conditions are formulated and � nally discretized. The alterna-
tive discrete approach, which we use, takes a discretization of the
NS equations, linearizes the discrete equations, and then uses the
transpose of the linear operator to form the adjoint problem. This
approachhas been developedby Elliott and Peraire,21 Elliott,22 An-
derson and Bonhaus,23 Nielsen and Anderson,24 Mohammadi and
Pironneau,25 and Kim et al.26 for externalaerodynamicapplications.
One of the advantagesof the discreteapproach is that the linear code
can be validatedby direct comparisonwith the nonlinearcode. Sim-
ilarly, because the adjoint code is obtained by transposing the linear
operator, it must produce exactly the same output both at the rou-
tine level and for the objective function. These features enable one
to validate the adjoint against the linear code. Furthermore, both
the linearization of the nonlinear discrete equations and the im-
plementation of the adjoint code can be performed by automatic
differentiationsoftware, greatly reducing the developmenteffort. A
more detailed comparison between the continuous and the discrete
adjoint approach can be found in (Ref. 27).

The HYDRA suite of three-dimensionalEuler/NS codes includes
nonlinear, linear, and adjoint solvers for external and internal � ows.
These codes approximate the � ow equations on unstructured hy-
brid grids with an edge-based discretization, and they make use of
message-passinginterface(MPI)-baseddistributedparallelcomput-
ing. The main objectives of this paper are to 1) summarize the im-
plementation of the discrete adjoint method in the HYDRA frame-
work and 2) demonstrate the effectiveness of the adjoint approach
for obtaining the linear sensitivities of steady and unsteady func-
tionals at a greatly reduced computational cost when dealing with
high-dimensional design spaces. Presented results include the ap-
plicationof the adjoint method to a suite of realistic turbomachinery
test cases.

II. Adjoint Approach
We start by consideringthe discretenonlinearsteady Euler equa-

tions with a weak imposition of boundary conditionson solid walls
enforcedspecifyingzero mass � ux through the faces on the surface.
As discussed in the next section, the in� ow, out� ow, and periodic
boundary conditions are also treated specifying appropriate � uxes,
and therefore, the discrete system of equations that is solved has the
form:

R.U.z/; X.z// D 0 (1)

The vectorR represents the discrete � ux residuals,U is the vectorof
primitive � ow variables,X is the vectorof nodalcoordinates,and z is
a set of m design variables that controls the geometry of the blade.
Note that both U and X depend on z because the computational
mesh deformsconformingto the currentgeometryof the bladebeing
designed. The nodal displacementsare determined using the spring
analogy,2 namely, modeling the grid edges as springs with spring
constants inversely proportional to their length, enforcing suitable
perturbationsat the nodes on the blade surface.

Linearizing Eqs. (1) with respect to the perturbation of each de-
sign variable zi yields

L Oui D fi ; i D 1; : : : ; m

where

L ´ @R
@U

; Oui ´ dU
dzi

; fi ´ ¡ @R
@zi

The corresponding m perturbations of a nonlinear functional
J .U.z/; z/ are

QJi ´ dJ

dzi
D gT Oui C @ J

@zi
; i D 1; : : : ; m (2)

where

gT ´ @ J

@U

When the adjoint approach is used, the m sensitivities can be ob-
tained by evaluating

QJi D vT fi C
@ J

@zi
; i D 1; : : : ; m (3)

where the adjoint solution v satis� es the equation

LT v D g

The equivalenceof this formulationcomes from the following iden-
tity:

gT Oui D gT L¡1 fi D [.LT /¡1g]T fi D vT fi

Each design variables gives rise to a different vector fi , whereas
if there is only one functional J , there is only one vector g. Thus
the adjoint approach requires just one adjoint calculation to obtain
the sensitivity of one objective function to any number of design
variables. On the other hand, the linear approach would require m
solutionsof the linearized� ow equations to obtain the m � ow � elds
Oui . (Note thatthevectorsfi andgaredeterminedin a computationally
cheap preprocessingstep.)

In the forced responseproblem, the linearharmonic equationsare
complex and the linearized functional QJi corresponds to the work-
sum integral wi , which represents the generalized force acting on
the blade for a particular structural mode.2 Denoting by superscript
H the Hermitian conjugate operator, one has

QJi D vH fi D wi (4)

The vector fi depends only on the incoming gust, and hence, the
blade forced response can be computed for any source of aerody-
namic unsteadiness, once the solution v of the harmonic adjoint
equations has been determined. In this case, the grid does not de-
form and consequently the term @ J=@zi appearing in Eqs. (2) and
(3) is identically zero and so does not appear in Eq. (4).

Finally note that the elements of the vector g are nonzero only at
nodes where the objective function is de� ned, at the nodes on the
outlet plane if the functional is the exit mass � ow, and at the nodes
on the blade surface if the functional is the worksum integral. The
analysis of the nonlinear, linear, and adjoint equations is carried out
in greater detail in the three following sections.

III. Nonlinear Flow Analysis
The discrete nonlinear analysis of the time-averaged � ow� eld is

applied to a single turbomachinery blade-row in the relative frame
of reference. The � ow can be modeled by either the Euler or the
Reynolds-averagedNS equationscoupledwith theSpalart–Almaras
turbulence model. Because of the rotational speed, source terms
associated with the centrifugal and Coriolis forces appear in the
momentum equations. When the unperturbed � ow� eld and nodal
coordinates are denoted by NU and NX, respectively, these terms can
all be formally included in the equation:

R. NU; NX/ D 0 (5)

Because the governing equations are approximated on an unstruc-
tured grid using an edge-basedalgorithm,28;29 the residual vector R
is a sum of contributionsfrom all of the edges of the grid, with each
edge contributing only to the residuals corresponding to the two
nodes at either end. The nonlinear system (5) has size .Neqs £ N /,
where N is the number of grid nodes, Neqs D 5 for the inviscid � ow
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model, and Neqs D 6 for turbulent � ows. The sixth component in the
latter case is the turbulence variable, determined with the Spalart–
Almaras turbulencemodel.

The boundaryconditionsto which the system (5) is subjectcan be
of three types: in� ow/out� ow, periodic, and inviscid/viscous wall.
The in� ow and out� ow boundaries are handled through � uxes that
incorporateprescribed� ow information,and thus, they becomepart
of the residual vector R. At matching pairs of periodic nodes, the
periodicityconditionfor linear cascadesis enforced,setting the � ow
state on the upper boundary equal to that on its lower counterpart.
In the case of annular domains, because of the use of Cartesian co-
ordinates, the velocity vectors on the upper boundary are obtained
by rotating those on the lower one. Combining � ux residuals at the
two periodic nodes in a suitable manner to maintain periodicity,
this boundary condition can also be included in the de� nition of
the � ux residual vector R. A no-slip boundary condition is applied
to viscous walls, discarding the momentum residuals and replacing
these equationsby the speci� cation of zero velocity at the boundary
nodes. The computation of the � ux residuals at nodes on inviscid
walls is based on zero mass � ux through the boundary faces, but
in addition, � ow tangency is enforced by setting the normal com-
ponent of the surface velocity to zero and disregarding the normal
component of the momentum residuals. Applying these strong wall
boundary conditions27 to system (5) yields:

.I ¡ B/R. NU/ D 0 (6)

B NU D 0 (7)

where B is theprojectorthat extractsthenormalmomentum/velocity
components at the nodes on inviscid wall boundaries and the
whole momentum/velocity at the nodes on viscous walls. The
square matrix associated with the linear operator B has size
[.N £ Neqs/ £ .N £ Neqs/] and is block diagonal with each block
of size .Neqs £ Neqs/. The matrix B has only nw nonzero blocks, nw

being the overall number of nodes on wall boundaries. When the
wall normal is denoted by nw and its components by .nx ; ny ; nz/,
the generic form of the diagonal block in the inviscid and viscous
case is

2

6666664

0 0 0 0 0

0 n2
x n x n y nx nz 0

0 n y nx n2
y n ynz 0

0 nznx nzn y n2
z 0

0 0 0 0 0

3

7777775
;

2

666664

0 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

3

777775
(8)

respectively.
The discrete equations (6) and (7) are solved using Runge–Kutta

time marching acceleratedby Jacobi preconditioningand multigrid.
Further details on the implementationof the nonlinearsolver can be
found in Refs. 2 and 28.

IV. Linear Flow Analysis
Both the variations of the steady � ow due to geometric perturba-

tions and the � ow unsteadinessdue to incoming gusts are treated as
small linear perturbations. In the steady case, one deliberately uses
small perturbations to obtain an accurate estimate of the gradient.
Assuming that the � ow unsteadiness can also be treated as a small
perturbationof the mean steady � ow� eld, one can carry out a linear
analysis of the perturbed � ow� eld in both the steady and unsteady
case. Note that forced response is not a fundamentally linear phe-
nomenon because it is always characterizedby a � nite level of un-
steadinessand it is not clear a priori that linear perturbationmethods
should give accurate predictions.However a series of studies based
on the comparison of nonlinear and linear results,6;30¡32 as well as
linear results and experimentaldata,33 points to the suitabilityof the
linear approach for turbomachinery forced response.

In the steady design problem, the perturbationof a single design
variable z induces a � ow perturbation Ou ´ dU=dz and the perturbed

� ow� eld U can be written as

U D NU C Ou; jj Oujj << jj NUjj

In the forced responseproblem, the time periodicityof the unsteadi-
ness implies that the linear time-dependent component of the � ow
can be written as a sum of harmonics, each of which can be an-
alyzed independently due to linearity. When just the fundamental
harmonic of frequency! is considered, the unsteady � ow� eld U.t/
can be written as the sum of the mean steady nonlinear � ow� eld
NU and the real part of the small harmonic perturbation of known
frequency ! and unknown complex amplitude Ou:

U.t/ D NU C Rfexp .i!t/ Oug (9)

The complex vector Ou represents the amplitude and phase of the
unsteady � ow.

The governingequations for the � ow perturbation Ou are formally
identical in the steady and unsteady case because the linearization
of both the discrete steady equations (6) and (7) and their unsteady
counterpart9 leads to the linear system:

.I ¡ B/[.i! C L/ Ou ¡ f ] D 0 (10)

B Ou D Ouwall (11)

in which the linear operator L ´ @R=@U gives the sensitivity of
the discrete nonlinear residual R to the � ow perturbation Ou. The
perturbation Ouwall of the wall velocity is zero for viscous walls, and
its general form in the case of stationary and moving inviscid walls
is derived in Ref. 2.

In the steady problem, the frequency ! is zero, and the system
of equations (10) and (11) is de� ned in the real domain. The source
term f ´ ¡@R=@z provides the sensitivityof the residualvectorR to
the grid perturbation and is nonzero throughout the computational
domain. An accurate estimate of f is obtained using the complex
variable method described in Ref. 27. To ensure the full consis-
tence of the steady functionals (which depend on the solution of
the nonlinear � ow equations) with their linear sensitivities (which
additionally depend on the solution of the linearized � ow equa-
tions), a completely re� ective treatment of the far-� eld boundaries
is adopted: The in� ow and out� ow boundary conditions are ob-
tained by linearizing their nonlinear counterparts, that is, setting
to zero the appropriate linearized far-� eld information. For exam-
ple, the linearized total pressure, total temperature, and � ow angle
perturbations are set to zero at a subsonic in� ow boundary. The
linear periodic boundary condition is the same as for the nonlinear
equations.

In the forced response case, the system of linear harmonic equa-
tions (10) and (11) de� ning the unsteady � ow perturbation is com-
plex and can be viewed as the frequency-domaincounterpartof the
nonlinear unsteady equations.When the incoming gust is the wake
shed by the upstream blade-row, the source term f is nonzero only
at the in� ow boundary, and it depends on the radial distribution
of the complex coef� cients of the � rst harmonic of the wake. To
leading order, the amplitude of these coef� cients depends on the
circumferentialwidth of the wake, whereas their phase provides the
circumferential postion. The far-� eld boundaries are treated with
a linearized freestream boundary condition enforced by setting to
zero the � ow perturbation Ou, and its implementationis basedon non-
re� ecting boundary conditions to minimize spurious re� ections.34

The periodic boundary conditions for the complex � ow� eld Ou are
a generalization of their steady counterpart, obtained introducing
the interblade phase angle (IBPA) ’. This is a complex phase shift
exp.i’/ betweenthe � ow� eldat the lowerandupperperiodicbound-
aries. In the forced response problem, it arises when the wakes
and blades have different pitches, and therefore, there is a differ-
ence in the times at which neighboring wakes strike neighboring
blades.

The linear equations are solved with the same pseudo-time-
marching approach adopted for the solution of the nonlinear steady
equations, that is, by introducing and discretizing a � ctitious time
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derivatived Ou=d¿ in the system of equations (10) and (11) and time-
marching the solution of the preconditioned system until a steady
state is achieved. When the linearized � ow equations are viewed
as the linear system Ax D b, this procedure can be regarded as the
preconditioned� xed-point iteration

xn C 1 D .I ¡ M¡1 A/xn C M¡1b (12)

in which M¡1 is a preconditioningmatrix resultingfrom the Runge–
Kutta time-marching algorithm, the Jacobi preconditioner,and one
multigrid cycle. The iterative equation (12) converges if all of the
eigenvalues of M¡1 A lie in the unit disk centered at .1; 0/ in the
complex plane, and this condition is ful� lled for most aeroelastic
problems of practical interest. However in some cases, the nonlin-
ear base � ow used for the linearization is characterized by small-
amplitude limit cycles related to some physical phenomenon such
as small separationbubblesor vortex shedding.These � ow instabil-
ities result in a usually small number of complex conjugate pairs of
outliers of the preconditioned linear operator that prevent the stan-
dard iteration (12) from converging.In such cases, convergencecan
be retrieved only by solving the linear equations with algorithms
that are guaranteed to work even in the presence of outliers. The
GMRES algorithm35 and the recursive projection method36 belong
to this category, and a detailed description of their use in the linear
code is provided in Refs. 9 and 37.

V. Adjoint Flow Analysis
The steady and harmonic adjoint equations are formally iden-

tical because they are both obtained by transposing the linearized
� ow equations. The only practical difference is that the steady ad-
joint problem is de� ned in the real domain with zero frequency
and IBPA, whereas the harmonic adjoint system is de� ned in the
complex domain with a nonzero frequency ! and IBPA ’. In the
following analysis we use the Hermitian operator H for both prob-
lems, with the implicit assumption that this reduces to the transpose
operator T for the steady equations.

To determine the adjoint � ow equations we start by adding
Eqs. (10) and (11). This yields

[.I ¡ B/.i! C L/ C B] Ou D .I ¡ B/ f C Ouwall (13)

The appropriate adjoint equation is then found by taking the
Hermitian conjugate of the linear operator, and because the bound-
ary operator B is symmetric, this yields

[.i! C L/H .I ¡ B/ C B]v D g (14)

At this point, it is convenient to decompose both v and g into or-
thogonal components as

v D .I ¡ B/v C Bv D vk C v?

g D .I ¡ B/g C Bg D gk C g?

PremultiplyingEq. (14) by .I ¡ B/ and noting that B is idempotent,
that is, B2 D B, shows that vk satis� es the system

.I ¡ B/.i! C L/H vk D gk (15)

B vk D 0 (16)

Theseare theequationsthat are solvediterativelyby theadjointcode.
Once vk hasbeen computed,v? is calculatedin a postprocessingstep
using an equation obtained by premultiplyingEq. (14) by B:

v? D g? ¡ B.i! C L/H vk (17)

In the steady problem, the linearized functional is given by

QJ D vT [.I ¡ B/ f C Ouwall] C @ J

@z
D vT

k f C vT
? Ouwall C @ J

@z

This shows that v? gives the sensitivity of the functional to the
linearizedwall velocity Ouwall. Note thatv? does not correspondto the

normal momentum componentof the analytic adjoint solutionat the
boundary. In the forced response problem, the worksum functional
is

QJ ´ w D vH f D vH
k f

becausethere is no grid perturbationand the linearizedwall velocity
Ouwall is zero in both the inviscid and viscous cases.2

It is not obvious how best to solve the adjoint equations. Using
the same iterative method as for the nonlinear and linear equations
(except with the transpose of the Jacobi preconditioning matrix)
was found to work well for inviscid � ows, but there were signi� cant
stability problems with viscous � ows. To overcome these, Giles an-
alyzed the iterative evolution of the output functional, � nding that
the adjoint code can be designed to give exactly the same iterative
history as the linear code in terms of the output functional. This is
achieved by properly constructing an adjoint version of the usual
Runge–Kutta algorithm and using adjoint restriction and prolonga-
tion operators for the multigrid.38 In this way, the stability and the
iterative convergence rate of the adjoint code are identical to those
of the linear code because this proceduremakes the preconditioned
adjoint operator the exact transpose of the preconditioned linear
operator, and consequently, they have the same eigenvalues. The
convergencerate of the linear code is in turn equal to the asymptotic
convergencerate of the nonlinearcode for IBPA D 0 and! ! 0. The
same GMRES solver implemented in the linear code has also been

Fig. 1 Real and imaginary parts of the pressure difference across the
unstaggered � at plates of a linear cascade due to incoming wakes with
IBPA = ¡400 deg.

Fig. 2 Coarse mesh for the two-dimensional turbine of the 11th stan-
dard con� guration.
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used for solving the adjoint equations (15) and (16) in the presence
of small-amplitudelimit cycles in the underlyingbase � ow solution,
to avoid the numerical instabilities that would otherwise affect the
standard � xed-point iteration.

The linearizationof the nonlinearcode and the implementationof
the adjoint code of the HYDRA suite have been carried out manu-
ally. This requires a bigger developmenteffort than using automatic
differentiation tools,39 but it allows one to minimize the CPU time

Fig. 3 Isentropic Mach number on the blade surface of the two-
dimensional turbine for transonic working conditions.

Fig. 4 Mach contours for transonic conditions of the two-dimensional turbine.

per multigrid iteration. The CPU cost per iteration for the steady
adjoint code is only 10–20% greater than for the nonlinear code.
The memory requirements are 20–30% greater than for the nonlin-
ear code, depending on the grid that is used. More details on the
optimizationof the adjoint implementationare provided in Ref. 27.

VI. Validation
When the discrete adjoint method is used, each routine of the

adjoint code is the exact transpose of its counterpart in the linear
code.27;40 Therefore, the validation of the adjoint code has been
performed at two levels. At the lower level, it has been checked
that each adjoint subroutine provides the same output as its linear
counterpart.At the higher level, it has been checked that the adjoint
and linear codes produce the same value for both the steady and
unsteadyfunctionalsto machineaccuracyat each stepof the iterative
process.This exactequivalenceis one advantageof the fully discrete
over the continuous adjoint approach.

The linear code itself has also been checked at a subroutine level
by comparison with the correspondingsubroutines in the nonlinear
code.27;40 In additionit has beenvalidatedusinga rangeof test cases,
starting with simple model problems such as the inviscid � ow over
two-dimensionsal � at plate cascades for which a semi-analytic so-
lution is available.41 Figure 1 shows the real and imaginary parts of
the pressure difference across the unstaggered� at plates of a linear
cascade due to incoming wakes with IBPA D ¡400 deg. Valida-
tion of the viscous capabilities is based on benchmark experimental
test cases, such as the two-dimensional turbine section of the 11th
standard con� guration, which is the midspan blade-to-blade sec-
tion of an annular turbine cascade.Experimentalmeasurementsand
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a) Amplitude

b) Phase

Fig. 5 Unsteady pressure coef� cient cp on the blade surface of the
two-dimensional turbine for transonic conditions and IBPA = 180 deg.

various computed results of the steady and unsteady � ow� eld due
to blade-plunging with prescribed IBPA are provided in Ref. 42.
The nonlinear mean � ow� eld and the linear � ow perturbationhave
been computed with the nonlinear and linear harmonic HYDRA
solvers, respectively. All computed results presented in this paper
have been obtained using a mesh with 17,745 nodes, and Fig. 2
shows a coarser grid with 7869 nodes. Figure 3 provides measured
and computed pro� les of isentropicMach number on the blade sur-
face for a transonic working point with exit Mach number of 0.96.
The high-pressurepatch at about 20% chord and the rapid pressure
rise at about 80% chord on the suction surface (Fig. 3) are due to
a separation bubble and an impinging shock, respectively. This is
clearly visible in the Mach number contours of Fig. 4, which also
show how both the blade boundary layers and wakes thicken after
passing through the shock. The measured and computed amplitude
of the linear pressure coef� cient for IBPA D 180 deg are compared
in Fig. 5a, whereas measured and computed values of its phase are
shown in Fig. 5b. The overall agreement between measured and
computed results is fairly good, and the computed results are in a
very good agreement with those in the literature.33;42

VII. Results
In practice, it is often required to monitor both the steady and

the unsteady performance. For example, the forced response of a
blade row subject to the constraint of constant circumferential lift
can be minimized using steady and harmonic adjoint equations to
determinethe sensitivitiesof forced responseand lift to variationsof

the blade geometry.12 In the contextof gradient-basedoptimization,
at least two strategies can be devised to cope with multiple steady
and/or unsteady functionals. One approach is to consider a single
cost function that is a weighted sum of all functionals.This strategy
is often adopted when the design and off-design performance have
to be optimized simultaneously.43 Then numerical unconstrained
optimization methods can be used.44 The alternative approach is to
considera constrainedoptimizationproblemin whichone functional
(steady or unsteady) is treated as objective function and the remain-
ing ones are viewed as constraints. Then constrained optimization
techniques such as reduced-gradient-type or projected Lagrangian
methods (see Ref. 44) can be applied. Using either approach, one
has to determine the sensitivities of each functional at each step
of the optimization, and this can be accomplished by solving a set
of adjoint equations for each functional.The following subsections
provide some applicationsof the adjointmethod for determining the
sensitivitiesof steady and unsteady objective functionsof turboma-
chinery interest.

A. Two-Dimensional Turbine Section
The � rst problem consists in determining the sensitivities of two

steady functionals to variations of the stagger angle 1° of the tur-
bine blades of the 11th standard con� guration. The selected ob-
jective functions are the mass � ow Pm and the quadratic deviation

Fig. 6a Computed mass � ow of two-dimensional turbine versus vari-
ations of the stagger angle ¢° .

Fig. 6b Nonlinear vs adjoint mass � ow sensitivity.
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0 D .¯ ¡ ¯T /2 of the pitchwise averaged exit � ow angle ¯ from
a target value ¯T . The reference � ow� eld associated with the un-
perturbed geometry is the transonic � ow regime discussed in the
preceding section. Figure 6a shows the mass � ow computed by the
nonlinear solver for perturbed geometries obtained letting 1° vary
between ¡6 and 7:5 deg. Note that each circle correspondsto a dif-
ferent nonlinearcalculationand that positive increments1° lead to
higher angles between the blade chord and the axial direction. The
nonlinear and the adjoint sensitivitiesof Pm are compared in Fig. 6b.
The nonlinearderivativeis computedwith centred� nite-differences
on intervals of 1 deg, and each cross of the curve giving the linear
sensitivity corresponds to a particular adjoint calculation based on
the nonlinear � ow� eld of the corresponding perturbed geometry.
The agreement between the two results is fairly good because the
relative difference is about 1% for 1° < ¡3 deg and about 2% for
1° ¸ ¡3 deg. The reason why the agreement worsens as 1° in-
creases is the growing nonlinearity associated with the separation
bubble on the suction side. Increasing the stagger angle results in a
higher � ow incidence, which in turn widens the separation bubble
due to the increased aerodynamic loading. The quadratic deviation
0 of theexit angle computedby the nonlinearcode for¯T D 58:6 deg
is plotted vs 1° in Fig. 7a. The nonlinear and adjoint sensitivities
are again in goodagreement,as shownin Fig. 7b. Thoughnot clearly
visible in Fig. 7, a closer inspection of these results shows that the
maximum relative differencebetween the nonlinear and the adjoint

Fig. 7a Computed quadratic deviation ¡ = (¯ ¡ ¯T )2 of two-
dimensional turbine vs variations of the stagger angle ¢° (¯T =
58.6 deg).

Fig. 7b Nonlinear vs adjoint ¡ sensitivity.

Fig. 8 Unperturbed IGV geometry.

sensitivity is about 3%. The linear sensitivity obtained using the
linearized solver is identical to that determined by the adjoint code
and, therefore, has not been reported.

B. Turbine Inlet Guide Vane
The second test-case is the inlet guide vane (IGV) of a high-

pressure turbine, whose geometry and surface mesh are shown in
Fig. 8. These vanes have a low aspect ratio, and the two end-wall
boundary layers meet on the suction side under the sweeping effect
of the two passage vortices, resulting in a wide region of low total
pressure in the center of the passage. This is clearly visible in the
nondimensional total pressurecontours at the outlet plane shown in
Fig. 9. The gasstream becomes sonic in the passage, and the pitch-
wise averaged exit Mach number at blade midheight is 0:76. The
adjointcode has beenused to determinethe sensitivitiesof the outlet
mass � ow to the rotation of � ve-blade airfoils around their trailing
edges, that is, to variationsof their staggerangles.The bladegeome-
try resulting from the perturbationof the midheight airfoil is shown
in Fig. 10, whereas Fig. 11 shows a comparisonof the nonlinearand
the adjoint estimates of the � ve mass � ow sensitivities.The nonlin-
ear derivativeshave been computed with forward � nite-differences,
using the mass � ow determinedby � ve nonlinearcalculationsof the
perturbed � ow� eld. The overall agreement of the two estimates is
again fairlygoodbecausethe relativedifferencebetween the nonlin-
ear and linear sensitivities due to the perturbation of the midheight
airfoil is about 3% and becomes slightly higher moving toward the
end walls, due to the nonlinearity of the secondary � ows. The lin-
ear sensitivities are equal to the adjoint estimates within machine
accuracy and, therefore, are not reported. Note that a single ad-
joint calculation is required to determine the 5 linear sensitivities,
whereas � ve nonlinear or linear calculations are needed with the
� nite-differenceapproach.

C. Unsteady Design: Turbine Rotor
The harmonic adjoint method allows one to determine the sen-

sitivity of forced response to the shape of an arbitrary incoming
wake, which can be represented by its radial pro� les of thickness
and circumferentialposition. Consideringonly circumferentialdis-
placements relative to a reference wake, however, may simplify
the redesign of the upstream blade-row. In fact, the new upstream
blade may be obtained by restacking the given blade-to-blade air-
foils according to the displacements of the wake that minimizes
the forced response, provided that such displacements are suf� -
ciently small. If not, the wake shed by the redesigned blade has
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Fig. 9 Contours of nondimensionalized total pressure at turbine IGV outlet.

Fig. 10 Perturbed IGV geometry.

to recomputed by means of a nonlinear steady calculation, and the
searchprocesshas to be iterated.The exampleconsideredconsistsof
a high-pressureturbine rotor whose blades undergo forced response
vibrations due to the wakes shed by the upstream stator. This test
case was previously analyzed by Vahdati et al.,6 who found a good
agreement in the forced responsepredicted by linear uncoupledand
nonlinear coupled methods. Figure 12 shows the blade geometry
and surface mesh, whereas Fig. 13 provides the Mach contours in

Fig. 11 Mass � ow sensitivity.

the midheight section for the chosen steady working conditions.
The wakes that have been analyzed are those obtained by keep-
ing the wake close to the hub circumferentially � xed, shifting the
wake close to the tip by a phase shift » , and linearly interpolating
the circumferential position of the wakes in between. This corre-
sponds to a linear restacking of the upstream blades achieved by
leaning them in the circumferential direction. The reference wake
was extracted by the nonlinear steady � ow� eld of the upstream sta-
tor. The adjoint analysis has been used to determine the worksum
values corresponding to this set of wakes and to identify a min-
imum response. Figure 14 shows the magnitude of the worksum
correspondingto the � rst torsional mode vs the phase shift » , and it
indicatesthat the forceactingon the bladesdecreasesas j» j increases
within the range being considered. The physical interpretation of
this result is that the maximum structural response occurs when the
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Fig. 12 Geometry and grid surface of the turbine rotor.

Fig. 13 Mach contours in the midheight blade-to-blade section of the turbine rotor.

blades are hit by the wakes at the same time at all radii .» D 0/,
whereas the forced response can be reduced by shifting the times at
which the wakes hit the blades at different circumferentialpositions
(increasing j» j).

The results for the full range of phase shifts were obtained from a
single harmonic adjoint calculation. Using the standard linear har-
monic approach would require a linear calculation for each wake
because each corresponds to a different right-hand side fi for the

Fig. 14 Forced response magnitude vs maximum restacking phase
shift.
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linear analysis.As a check, linear calculationshave been performed
for a variety of points, and they produced identical values for the
worksum output.

VIII. Conclusions
In this paper, the construction of the discrete Euler and NS ad-

joint equations has been summarized using an algebraic approach
and with a strong emphasis on turbomachinery applications. The
development of the presented adjoint methods has also involved
advances in the methodology for developing and validating fully
discrete adjoint solvers. This is due to 1) the exact equivalence of
each linear and adjoint routine and 2) the use of a particular form of
Runge–Kutta time-marching scheme for the adjoint equations that
gives exact equivalence with the linear code, not only in the � nal
results but also during the iterative evolution.

In the framework of gradient-basedoptimization, the adjoint ap-
proach can lead to substantial computational savings when dealing
with high-dimensionaldesign spaces. A suite of realistic turboma-
chinery test cases has been used to demonstrate the suitabilityof the
adjoint method for obtaining the linear sensitivities of steady and
unsteady turbomachinery functionals. The latter is thought to be
the � rst application of the adjoint approach to the linear analysis of
three-dimensionalviscous blade forced response. The capability of
determiningthe gradientof a scalarobjectivefunctiondependingon
many design parameters with a single calculation has a signi� cant
potentialfor applicationto thedesignpracticein the turbomachinery
industry.
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